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Abstract 

This is a continuation of a previous study of quantum vertex algebras 
of Zamolodchikov-Faddeev type. In this paper, we focus our attention on 
the special case associated to diagonal unitary rational quantum Yang-Baxter 
operators. We prove that the associated weak quantum vertex algebras, if not 
zero, are irreducible quantum vertex algebras with a normal basis in a certain 
sense. 

1 Introduction 

In an attempt to associate vertex algebra-like structures with quantum afiine alge- 
bras, in |Li6j we studied general formal vertex operators (=quantum fields) on an 
arbitrary vector space, to see what kind of algebraic structures they could possibly 
"generate" . More specifically, we studied what we called "quasi compatible" sets of 
formal vertex operators on a vector space and we proved that any quasi compatible 
set generates a nonlocal vertex algebra in a certain canonical way. (Whereas vertex 
algebras are analogues of commutative and associative algebras, nonlocal vertex al- 
gebras are analogues of noncommutative associative algebras.) It follows from this 
general result that to most of the interesting algebras one can associate nonlocal ver- 
tex algebras. For example, for any highest weight module W for a quantum affine 
algebra, the generating functions in Drinfeld's realization form a quasi compatible 
set of vertex operators on W and therefore they generate a nonlocal vertex algebra. 

As general nonlocal vertex algebras are too "wild", one hopes to get "better" 
families of nonlocal vertex algebras from "better" families of vertex operators. Mo- 
tivated by the 5-locality axiom in Etingof-Kazhdan's notion of quantum vertex 
operator algebra [EKj . we then continued to study what we called iS-local sets and 
quasi iS-local sets of vertex operators. We proved that from a quasi iS-local set of 
vertex operators, indeed one can get a better nonlocal vertex algebra whose adjoint 
vertex operators form an iS-local set of vertex operators (on the nonlocal vertex 
algebra). Motivated by this result and by Etingof-Kazhdan's notion of quantum 
vertex operator algebra we then formulated and studied a notion of weak quantum 
vertex algebra and a notion of quantum vertex algebra. 

A weak quantum vertex algebra (over C) is a vector space V equipped with a 
distinguished vector 1 and a linear map Y : V ^ Hom(V, V"((a;))) satisfying the 
condition that Y{l,x) = 1 (the identity operator on V), 

Y{v,x)l e V[[x]] and (Y{v, x)l)\x=o = v ioi v eV, 
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and that for any u,v & V, there exist u^^\v^'^^ G V, fi{x) G C((x)), i = l,...,r, 
such that 

1^ ( ^ — ^ ) Y{u, Xi)Y{v, X2) 



('^^^'j V/.(-xo)r(t;«,X2)F(n«,xi) 



= x,'6\^^^^jY{Y{u,xo)v,X2). (1.1) 

A quantum vertex algebra is a weak quantum vertex algebra V equipped with a 
unitary rational quantum Yang-Baxter operator (with one parameter) 

S{x) -.V ®V -^V (»V ® C((x)) 

such that for any u,v G V, (11. ip holds with 



.AX) 
1=1 



and such that some other conditions hold. The notion of quantum vertex algebra 
generalizes the notions of vertex algebra and vertex superalgebra. 

The designation of the notion of weak quantum vertex algebra was motivated 
by the following conceptual result. Let W be any vector space and set £{W) = 
B.om(W, W{{x))). A subset T of S{W) is said to be S-local if for any a{x), b{x) G T, 
there exist (finitely many) 

a«(x),6«(x) gT, /.(x) G C((x)), ^ = l,...,r 

such that 



[Xi 



- X2Mx,)b{x2) = (xi - X2)' Yl - xi)b'^'^{x2)a^'\x,) (1.2) 



1=1 



for some nonnegative integer k. Let T be an iS-local subset of S{W). For a(x), b{x) G 
T with the above information, we define 

— — J a(xi)6(x) 
-Res.,Xo^5 /x-xi\ y2Mx2~x,)b^^{x2)a^'^ix,). (1.3) 



It was proved in |Li6j that any 5-local subset of S{W) generates a weak quantum 
vertex algebra with W a.s a. canonical module. This particular result generalizes a 



2 



result of [Lilj . which states that for any vector space W, every local subset of S(W) 
generates a vertex algebra with W as a module (see |Li2j . [Li3j . |Li7j . and |LilOj for 
similar results). 

Regarding quantum vertex algebras, a variant, which was formulated in |Li6] . 
of ( [EKj . Proposition 1.11), is that if a weak quantum vertex algebra V is nonde- 
generate in the sense of [EKj . V is a quantum vertex algebra with S{x) uniquely 
determined. Furthermore, it was proved in |Li8j (cf. |Li4j for vertex algebras) that 
if a nonlocal vertex algebra V (over C) is of countable dimension and if \^ as a (left) 
V^-module is irreducible, then V is nondegenerate. 

In |Li8] . to demonstrate how to use the general construction theorem which 
was established in [Li6j . we constructed some quantum vertex algebras by using 
algebras of Zamolodchikov-Faddeev type (see |ZZ] . jF]). More specifically, let H 
be a finite-dimensional vector space equipped with a bilinear form (-, ■) and let 
S{x) : H®H^H®H® C[[a;]] be a linear map. We studied weak quantum vertex 
algebras V equipped with a linear map (p : H ^ V such that V is generated by 
4>{H), satisfying the relations for u,v E H: 

r 

Y{<f){u),x,)Y{<j){v),X2) - J2 - Xi)Y{<f){v^'^), X2)y (</)(n«), x,) 

i=l 

= {u,v)x^^6 , 

where S{x){v ® m) = Yll=i ^^^^ ® ® fii^)- We then constructed a universal weak 
quantum vertex algebra V{H, S) and proved that V{H, S) is nondegenerate for some 
special cases, so that V{H,S) is a quantum vertex algebra (see Section 4). (If is 
injective and if V{H, S) is nondegenerate, then S{x) is necessarily a unitary rational 
quantum Yang-Baxter operator.) 

This current paper is a natural continuation of our studies on weak quantum 
vertex algebras V{H,S). In this paper, we focus our attention on the special case 
in which S{x) is "diagonal". Let Q(x) = {qij{x)) he an I x I matrix in C[[x]] with 
qij{x)qji{—x) = 1 for 1 < i, j < /. Take to be a 2/-dimensional vector space with 
a basis {■u*^*-', f | 1 < < 0; equip H with the bilinear form (-, ■) defined by 

for I <i,j <l, and define S{x) : H®H^H®H® <C[[x\] by 

5(x)(n(^') Om^'^)) = ® u^'^ ® qij{x), S{x){v^^^ (g) v^'^) = v^^^ v^'^ qij{x), 
S{x){v^^^ ® «(*)) = ® m(^) ® Qjii-x), 5(x)(m(^') ® v^'^) = u^^^ ® v^'^ ® qji{-x) 

for 1 < i, j < I. For this pair {H,S), the associated universal weak quantum vertex 
algebra V{H,S) is alternatively denoted by Vq(^.). Our main goal is to determine 
the structure and establish the nondegeneracy of Vq(^.) . As one of the main results 
in this paper, we prove that Vq(^x) is either zero or irreducible as a VQ(a;)-module 
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with a normal basis in a certain sense, so that it is a nondegenerate quantum vertex 
algebra. 

As a technical step, we first study the case with Q(x) = Q = (qij) a complex 
matrix with qijQji = 1 for 1 < i,j < I. We define an associative algebra with 
generators Xi^m, Yi,m for 1 < i < I, m G Z, subject to relations 

for I < i,j < I, m,n E Z. If qij = 1 for all i,j = 1, . . . is a Weyl algebra 
and if qij = —1 for all i, j = 1, . . . ,1, Aq is a Clifford algebra. (In general, we have 
qu = ±1 for 1 < i < /, so that contains Weyl algebras or Clifford algebras as 
subalgebras.) Let Vq denote the quotient module of the regular left ^q-module 
modulo the left ideal generated by Xj m, ^i,m for 1 < i < /, m > 0. It is proved that 
Vq is irreducible and there is a canonical simple quantum vertex algebra structure 
on Vq. Furthermore, Vq has a conformal vector of central charge /. Note that 
quantum coordinate algebras, closely related to ^q, have appeared before in the 
study of noncommutative geometry (cf. |Malj . |Ma2j ) and physics noncommutative 
field theory (cf. [Ku]). Our emphasis in this study is on quantum vertex algebras 
and modules. 

To achieve our results for the nonconstant case with Q(a;) = {qij{x)), we make 
use of a certain filtration. We define an increasing filtration F = {-F„}„>o of Vq(^x) by 
using the canonical generators and we prove that if the weak quantum vertex algebra 
VQ(a;) is nonzero, the associated graded weak quantum vertex algebra GipiVQ^^^)) is 
isomorphic to the irreducible quantum vertex algebra Vq(o). Then we prove that 
VQ(a;), if not zero, is an irreducible quantum vertex algebra. Furthermore, we show 
that for certain cases, VQ(a;) is indeed nonzero. 

One of the authors (H. Li) would like to thank Igor Frenkel for a discussion on 
quantum vertex algebras and Zamolodchikov-Faddeev algebras. Some time ago, he 
and J. Ding had some similar ideas. Part of this paper was done during H.Li's visit 
in January 2007 at the Chern Institute of Mathematics, Nankai University, Tianjin, 
China. We would like to thank Professors Chengming Bai and Weiping Zhang for 
their hospitality. 

This paper is organized as follows: In Section 2, we present some basic results 
about general nonlocal vertex algebras. In Section 3, we study the associative alge- 
bras ^Q and quantum vertex algebras Vq. In Section 4, we study quantum vertex 
algebras Vq^^y 



2 Some results for general nonlocal vertex alge- 
bras 

In this section we recall the notions of nonlocal vertex algebra, weak quantum vertex 
algebra, and quantum vertex algebra, and we present some basic results on increasing 
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filtrations for general nonlocal vertex algebras associated with a generating subset. 

We start by recalling the definition of a nonlocal vertex algebra from |Li6j (cf. 
[Kaj . |BKj . |Li3j ). A nonlocal vertex algebra is a vector space V, equipped with a 
linear map 

Y:V ^ }iom{V,V{{x))) C {EndV)[[x,x-^]] 

V ^ Y{v,x) = ^VnX'''''^ (vneEndV) (2.1) 

and equipped with a distinguished vector 1, satisfying the condition that ioi v E V 

Y{l,x)v = v, (2.2) 
Y{v,x)l eV[[x]] and limY{v,x)l = v (2.3) 

and the condition that for u,v,w & V, there exists a nonnegative integer / such that 

(xo + X2)'F(m, xq + X2)Y{v, X2)w = {xq + X2yY{Y{u, Xo)v, X2)w. (2.4) 

Following [EKj . let Y{x) -.V^V^ V{{x)) be the linear map associated with Y . 

For a nonlocal vertex algebra V , let T) be the linear operator on V defined by 
'D{v) = f_2l for V & V. Then 

[V, Y{v, x)] = Y{Vv, x) = ^Y{v, x) for v E V. (2.5) 

ax 

Furthermore, we have Y{v,x)l = e^'^v and 1^(1) = for v eV. 

For a nonlocal vertex algebra V, a V -module is a vector space W equipped with 
a linear map Yw '■ V Hom(VF, W{{x))) satisfying the condition that 

Yw{l,x) = Iw (the identity operator on W) 

and for u,v E V, w E W, there exists / E N such that 

(Xo + X2)'lV(-U, Xo + X2)Ywiv, X2)w = (xq + X2)'lV(F(-U, Xo)v, X2)w. 

Next, we recall from jLi6j the notions of weak quantum vertex algebra and quan- 
tum vertex algebra. A weak quantum vertex algebra is a vector space V (over C) 
equipped with a distinguished vector 1 and a linear map Y from V to Hom(V", V{{x)))), 
satisfying the condition that 

Y{l,x) = l, (2.6) 
Y{v,x)l eV[[x]] and limY{v,x)l = v (2.7) 
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for V &V, and that for any u,v & V, there exist -u^jf^*) G V, fi{x) E C((x)), i 
1, . . . , r, such that 

Xq^6 ( — — — ] Y{u,xi)Y{v,X2) 



= x^H l^^^^^jYiYiu,xo)v,X2). (2.8) 

Alternatively, a weak quantum vertex algebra is a nonlocal vertex algebra that 
satisfies iS-locality (cf. |EKj ) in the sense that for any u,v E V, there exist u^^\v^'^^ E 
V, fi{x) E C((x)), i = 1, . . . ,r, such that 

r 

{xi - X2)''Y{u, Xi)Y{v, X2) = (xi - X2)'' /i(^2 - X2)F(m», xi) (2.9) 

1=1 

for some nonnegative integer k (depending on u and v). 

The notion of quantum vertex algebra involves a quantum Yang-Baxter operator. 
A unitary rational quantum Yang-Baxter operator with one parameter on a vector 
space ?7 is a linear map 

S{x) ■U(^U^U®U® C((x)) 

such that 

S{x)S^\-x) = 1, 

S^\xi)S^\xi - X2)S^\X2) = S^\X2)S^'\XI - X2)S^\xi). 

A quantum vertex algebra (cf. |EKj ) is a weak quantum vertex algebra V equipped 
with a unitary rational quantum Yang-Baxter operator 

S{x) -V^V^V^V® C((x)) 

such that for u,v eV, (12. 8p holds with S{x){v ® u) = X]I=i^*'*'' ® ® fii^) 
such that 

[V(g)l,S{x)] = —^S{x), (2.10) 

S{z){Y{x) ® 1) = {Y{x) ® l)523(z)5i3(;z + x). (2.11) 

Remark 2.1. A nonlocal vertex algebra V is said to be nondegenerate (see |EK] ) 
if for every positive integer n, the linear map 

Z„, : C((xi)) ■ • ■ ((x„)) ® ^ Viix,)) ■ ■ ■ {{xn)) 
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defined by 



is injective. It was proved in [Li8j that if V is of countable dimension (over C) and 
if \^ as a (left) ^-module is irreducible, then V is nondegenerate. 

Remark 2.2. A variation of a theorem of Etingof-Kazhdan ( |EKj . Proposition 1.11), 
formulated in |Li6] . is that if a weak quantum vertex algebra V is nondegenerate, 
then iS-locality defines a unitary rational quantum Yang-Baxter operator S{x) on V 
such that (V, iS(x)) is a quantum vertex algebra and this S{x) is the unique quantum 
Yang-Baxter operator to make V a quantum vertex algebra. In view of this, the 
term "a nondegenerate quantum vertex algebra," or "an irreducible quantum vertex 
algebra" (without reference to a quantum Yang-Baxter operator) is unambiguous. 

We shall need the following result of |LLj (Proposition 4.5.7, which can be ex- 
tended for nonlocal vertex algebras with the same proof): 

Lemma 2.3. Let V be a nonlocal vertex algebra, let W be a V -module, and let 
u,v E V, p,q E Z, w E W . Then there exist nonnegative integers I and m such that 



We shall also need the following analogue: 

Lemma 2.4. Let V be a nonlocal vertex algebra and let u,v,w G V, m,n G Z. 
There exist nonnegative integers I and k such that 




(2.12) 




(2.13) 



Proof. From definition, there exists a nonnegative integer / such that 



{xq + X2) Y{Y{u, xo)v, X2)W 



{xq + X2) Y{u, Xq + X2)Y{v, X2)w . 



We have 



{UmV)nW 



'R.eSxoRe?>x2X^ X2Y {Y {u, xo)f , X2)w 

ReSjjoReSajjXjJ^Xg (a;2 + XqY^ ((^2 + Xo)^Y{Y{u, xq)v, X2)w) 
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Let A; be a nonnegative integer such that x^~^'^Y{u, Xo)v E ^^[[a^o]]- Then 
= Res^oRes^2 ^ ( .j xj^+^x^"'"* ((xa + xo)'F(F(m, Xo)v, X2)w) 



i=0 
k 



= Res^oRes^2 ^ , jx™+*X2 ' ' {{xq + XiYY^u, xq + X2)Y{v, X2)w) 
= Res^,Res^2 ("^ ~ X2r+'x^-^-'x[Y{u, xi)Y{v, X2)w 
= ReSa;iReSa;2 ^ ( . j ^ f ^ j{—iyx'^^''~^^~^X2~''^^^^Y{u,Xi)Y{v,X2)w 

i=0 ^ ^ / j>0 V ^ / 

= XI ( / ) 5Z ("^ ^ j (-l)%„+i+i_jt;„-i_i+jW, 

i=0 ^ ^ / j>0 V J / 

as desired. □ 

Let be a nonlocal vertex algebra and let T be a generating subset of V in the 
sense that V is the smallest nonlocal vertex subalgebra that contains T. Then (see 
|BK] . |Li3j ) V is linearly spanned by the vectors 

for r > 0, u^^\ . . . , m'^'^^ G T, mi, . . . , m^. G Z. 

Remark 2.5. Here, we mention a simple fact which is straightforward to prove. 
Let V be a nonlocal vertex algebra with a generating subset T and let K be any 
nonlocal vertex algebra. For any map / from T to K, f extends to at most one 
nonlocal-vertex-algebra homomorphism from V to K. On the other hand, if is a 
linear map from to i^' such that 

ip(Y{a,x)v) = Y{ip{a),x)ilj{v) for a G T, v G V, 

then i/j is a nonlocal-vertex-algebra homomorphism. 

In the following we shall associate two increasing filtrations of V to each gener- 
ating subset. 

Lemma 2.6. Let V be a nonlocal vertex algebra and let T be a generating subset. 
For n G N, set 

En = span{u(^J ■ ■ -mS-I I < r < ra, u^^\ . . . ,u^''^ G T, mi, . . . G Z}. (2.14) 
Then En C En+i for n G N, Eq = <Cl, and U„gN-£'n = V ■ Furthermore, 

ttkEn C Em+n for a G Em, k E Z, m,n E N. (2-15) 
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Proof. From definition, we have En C -En+i for n G N and Eq = Cl. As T generates 
V, we get V = Un&iEn. Witli £'0 = Cl, we see tliat fl2.15p liolds for m = 0. Assume 
m > 1. From definition we liave 

Em = spaii{uqEm-i \ u E T, g G Z}. 
It follows from induction on m and Lemma 12.41 that fl2.15p holds for all m G N. □ 

Definition 2.7. Let G be a group with identity element e. A nonlocal vertex 
G-graded algebra is a nonlocal vertex algebra V equipped with a G-grading V = 
UgeG^tfi'] s^c^ ^^^^ 1 ^ ^^"^ G l^[5f/;,]((a;)) for u G V[g], v G 

with g,h E G. 

Remark 2.8. Let V he a nonlocal vertex algebra and let E = {En}n£z, be an 
increasing subspace-filtration of V with 1 E Eq, satisfying the condition that 

a^En C Em+n foi a G Em, m,n,k ez 
(cf. f l2.15p ). Form the graded vector space 

GTEiV) = l[{EjEn-i). (2.16) 

It is straightforward to show (cf. |Li8] . Lemma 3.13) that Gte{V) is a nonlocal 
vertex algebra with 1 + E^i G Eq/E^i as the vacuum vector and with 

(a + Em-l)k{b + En-l) = ttkb + Em+n-l ^ Em+n/ Em+n-1 (2-17) 

for a G i?m, & £ -E'n, m,n,k G Z. In fact, Gr£;(y) is a nonlocal vertex Z-graded 
algebra. Furthermore, if E is the filtration associated with a generating subset T of 
V, then {w + ii^o I w G T} (c Ei/Eq) is a generating subset of GrEiV). A result that 
was obtained in |Li8j is that if Gr£'(V^) is nondegenerate, then V is nondegenerate. 

With a generating subset T of we have another increasing filtration. 

Lemma 2.9. Let V be a nonlocal vertex algebra and let T be a generating subset. 
For G Z, let Fn be the linear span of the vectors 

"^mi ■ ■ ■ 1 

for r > 1 if n < 0, for r > if n > 0, and for u^^\ . . . , u^^'^ G T, mi, . . . , rUj. G Z 
with nil + ■ • ■ + TTir > —n. Then {Fn}nez is an increasing filtration of V such that 
1 G Fo and 

ttmFn C Fk+n-m-i for o G Ffc, k,m,n E Z. (2.18) 
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Proof. It is clear that 1 G -Fq and {-Fnjnez is an increasing filtration of V. For 
u & T, m,n & Z, from definition we have 

It follows from induction on r and Lemma [2.41 that for any nonnegative integer r, 
for any a of the form ■ ■ ■ Vmr'^ with u^^\ . . . , u^^^ G T, mi, . . . , G Z, and for 
any m G Z we have 

0"mFn C Ffi—fji—fYii rrir — l- 

Then (12181) is clear. □ 

A Z-graded nonlocal vertex algebra is a nonlocal vertex algebra U equipped with 
a Z-grading U = Unez ^(") ^^"^^ ^^^^ 1 ^ f^(o) and 

■Ufcf G t/(m+n-fc-l) 

for all M G f/(m)5 £ f^(n), m,n,k & Z. 

Proposition 2.10. Let F = {-Fnjnez be an increasing filtration of V with 1 G -Fq 
satisfying l{2.18\) . Then the associated graded vector space GipiV) = IJnGz(-^"/-^"-i) 
is a Z-graded nonlocal vertex algebra with 1 + F„i as the vacuum vector, where 

(a + Fm-l)k{b + Fn-l) = a^b + Fm+n-k-2 

for a G Fm, b G -F„, m,n,k G Z. Furthermore, if F is the filtration associated with 
a generating subset T of V , then {u + Fq \ u E T} C Fi/Fq is a generating subset 
of GipiV). 

Proof. It is easy to see that the axioms that involve the vacuum vector, namely the 
vacuum and creation properties, hold. For weak associativity, we need to show that 
for a G Fm, b G -F„, c G F^ with m,n,k G Z, there exists a nonnegative integer / 
such that 

(xo + X2)'F(a, Xq + X2)Y{b, X2)c = {xq + X2yY{Y{a, xo)b, X2)c, (2.19) 

where a = a + F^-i, b = b + c = c + F^^i. Let / be a nonnegative integer 

such that 

{xq + X2yY{a, Xq + X2)Y{b, X2)c = {xq + X2yY{Y{a, Xo)b, X2)c, 
which is expanded as 

2^1 ^ UpbqCXQ^ X2^ =2^ 2^\-,]K<^p'i>)q'CXQ ' X2^ . 
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Let r, s G Z. Extracting the coefficients of XqX| from both sides we get 

^[^j ai-r-i-ih-i-sC = ( V ) iai-i'-r-ib)i'-s^ic. (2.20) 

i>0 ^ ^ i'>0 ^ ^ 

With a G b E Fn, c G F^, by definition we have 

bi-l-sC = bi-i-gC + -Fri+fc+s-i-l! 

and furthermore, 

(^l-r-l-ibi-l-sC = a/_r-l-i&j-l-sC + -Fm+n+fc+r+s-/-l • (2-21) 

On the other hand, we have 

O'l-i'-r-lb = ai_i'_r-~lb + Fm+n+r+i'-l-l 

and 

{ai-i'^r-lb)i'~s-lC = {ai^i'-r-lb)i'-s-lC + Fm+n+k+r+s-l-l- (2.22) 

Then by (12.201) we have 

^) ai-r-l^A-l-sC = ( V ) {0'l-i'-r-lb)i'-s~lC. 

i>0 ^ * ^ i'>0 ^ 

Multiplying both sides by Xgxl , summing up over all r, s G Z, and then changing 
indices we get 



^ japbgc4 p ' ^= ( ^(^p'^) 



- /-j'-p'-l i'-g'-l 

q'CXq X2 



which gives f l2.19p . This proves that Gtf{V) is a nonlocal vertex algebra. It follows 
from definition that Gtf{V) is a Z-graded nonlocal vertex algebra. 

For the last assertion, from definition we have T (Z Fi (as u = U-il for u eT). 
For any G Z, consider a typical vector 



a = 7/(1) . . ■v^'~H G F 



where r > 1, u^-^\ . . . , G T, mi, . . . , G Z with mi + ■ ■ ■ + m^ > —n. If 
mi + - ■ ■ + m,. > —n, we have a G F„_i, so that a + F„_i = in Gtf{V). Assume that 
mi + ■ ■ ■ + mr = —n. Set 1 = 1 + F_i. Note that UmFk C Fk-m for u & T, ■m,k E Z. 
From definition we have 

a + F 1 = m(^) ■ ■ ■u('')l + F 1 = n^^) ■ ■ ■ ■u^'^) 1 

u -r ± n-l "mi ^ '"I m-r-l "mi "rrir 

Then it follows that Gtf{V) is generated by {m + Fq | m G T}. □ 
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Proposition 2.11. Let V be a nonlocal vertex algebra. Assume that there exists a 
lower-truncated increasing filtration F = {-F„}„gz ofV with 1 G Fq, satisfying either 
\2.15\) or \2.1t^) . such that the left adjoint module for Gi piV) is graded-irreducible. 
Then the left adjoint module for V is irreducible. 

Proof. Let f/ be a nonzero \^-submodule of V . We have an increasing filtration 
Fjj = {Fn n U}nez of U. For eacli n E Z, the natural map from FnDU to Fn/Fn-i 
gives rise to an embedding of (F„ fl f/)/(F„_i fl U) into Fn/Fn-i. Then we can view 
Gtf,j{U) as a subspace of Gtf{V). As f/ is a \^-submodule, Gtfj_j{U) is a graded 
Grp'(V")-submodule. Since Gtp{V) is graded-irreducible, we have either Gipj-^U) = 
or GiFuiU) = Gif{V). 

Assume GiF^iU) = 0. Then F„ fl f/ = fl U for all n G Z. For any k e Z, we 
have FkHU = U„>fc(i^„ (lU) = U, which implies U C Fk. Thus U C Hfegz-^fc- As 
F is lower-truncated, we have n„gzF„ = 0. This contradicts that U ^ 0. Therefore, 
we must have Gtf,j{U) = Gyf{V). Then n f/)/(F„ n f/) = for n G Z. 

That is, Fn+i = (F„+i n f/) + F„ C f/ + F„ for all n e Z. From this we get 

Fn+i CU + Fn for ^ > 0. 

For every tt, G Z, as Ui>oFn+i = V, we have V = U + Fn- Then V = U because 
Fn = for some n EZ. This proves that V is irreducible. □ 

Remark 2.12. Let V = Yinez^in) be a lower truncated Z-graded nonlocal vertex 
algebra. For n G Z, set Fn = lJm<n^(m)- Then {Fn} is an increasing filtration 
satisfying (12.181) . Furthermore, GrF{V) ~ as a nonlocal vertex algebra. It follows 
from Proposition 12.111 that if V is graded irreducible, then V is irreducible. 

The following is straightforward: 

Lemma 2.13. Let V be a nonlocal vertex G-graded algebra with G an abelian group 
and let e : G X G ^ be a normalized -valued 2-cocycle of G in the sense that 

e{a, 0) = e{0, a) = 1, 

e{a, (3 + 7)e(/5, 7) = e{a, f3)e{a + (3, 7) for a,f3,'y e G. 

Define a linear map :V (Endl^) [[x, x"^]] by 

Yir{u, x)v = e{a, f3)Y{u, x)v for u G V[a\, v G V[(3\, a, (3 e G. 

Then {V, Y^, 1) carries the structure of a nonlocal vertex G-graded algebra. Further- 
more, {V,Y^, 1) is nondegenerate if and only ifV is nondegenerate, and (V^, 1^, 1) is 
G-graded irreducible if and only if V is G-graded irreducible. 

The following is a vertex analogue of a well known construction of associative 
algebras: 
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Proposition 2.14. Let G be a group, let U be a nonlocal vertex algebra on which 
G acts by automorphisms, and let V — Y[geG^i9] ^ nonlocal vertex G-graded 
algebra. Define a linear map 

Yi:{U®V)^ {End{U ®V))[[x,x-^]] 

by 

Y^{u®v,x){u'®v') = Y{u,x)g{u')®Y{v,x)v' (2.23) 

for u,u' & U, V & V[g], g & G, v' &V. Then {U <^V,Yf^,l<S) 1) carries the structure 
of a nonlocal vertex algebra which we denote by U^qV- Furthermore, U and V are 
subalgebras of U'^gV o,nd 

Y^(v, Xi)Yi(u, X2) = Y^(g(u), X2)Yi{v, Xi) (2.24) 

for u & U, v e V[g] with g & G. Moreover, U^g^ is a weak quantum vertex algebra 
if both U and V are weak quantum vertex algebras. 

Proof. First, for ti, ti' e t/, v & V[g], v' & V with gf e G we have 

Y^(u V, x){u' ® v') = Y{u, x)g{u') ® Y{v, x)v' E (U V)((x)). 

Second, Yf^{l ^l,x){u®v) = u®v and Y^{u ® v, x){l ® 1) = Y{u, x)l® Y{v, x)l. 
Let u, u', u" eU, ve V[g], v' e V[h], v" e V with g,heG. Then 

Y^{u^v,xo + X2)Y^{u' ® v', X2){u" ® v") 

= Y{u, Xq + X2)gY{u' , X2)hu" ® Y{v, Xq + X2)Y{v' , X2)v" 

= Y{u, xq + X2)Y{gu\ X2)ghu" ® Y{v, xq + X2)Y{v' , X2)v" , 

and 

Y^ {Y^ {u®v,Xq){u' ® v') , X2) {u" ® v") 
= Y^{Y{u, xo)gu' (g) Y(v, xo)v', X2){u" ® v") 
= Y{Y{u, xo)gu', X2){gh)u" (^Y{Y{v, xo)v' , X2)v" , 

as Y{y.iXo)v' G V{gh]{{xo)). Then weak associativity follows immediately. This 
proves that (L'" ® V^, Fji, 1 ® 1) is a nonlocal vertex algebra. Recall that 1 e V[e] and 
that e acts on U as identity. It is easy to see that U, identified with U ®\, and V, 
identified with 1®V , are subalgebras of U^gV. 

For the last assertion, let u,u' &U, v & ^[9], e V. Then 

yj(l ® V, xi)Y^{u ® 1, X2){u' (8) v') 

— gY{u,X2)eu' <^Y{v,Xi)v' 

— Y{gu,X2)gu' (^Y{v,Xi)v' 

= Y^(gu^l,X2)Yi(l0v,xi)(u' 0v'). 
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For u G U, V G V, we have 

Ytt(u l,x){l iS)v) = Y{u,x)l (g) V. 

It follows that U^gV is generated by U and V. Then it is clear that U^gV is a weak 
quantum vertex algebra if both U and V are weak quantum vertex algebras. □ 

The smash product nonlocal vertex algebra U^gV has the following universal 
property: 



Proposition 2.15. Let G,U,V be given as in Proposition 2.14' Suppose that K is 
a nonlocal vertex algebra and ip : U K and (p : V K are homomorphisms of 
nonlocal vertex algebras such that 

Yi(P{v), xi)Y{ij{u), X2) = Yii^igu), X2)Y{<j){v), xi) (2.25) 

for u ^ U, V E V[g] with g E G. Then there exists a unique nonlocal vertex algebra 
homomorphism f : U^gV ^ K , extending both ip and (p. 

Proof. As f/jjc^ is generated by U and V , the uniqueness follows immediately. For 
the existence, we define a linear map 9 : f/jj^l^ ^ i^' by 

6{u ®v)= ip{u)^i(p{v) ioT u E U, V E V. 

It is clear that 9 extends both ip and (p. It remains to prove that 6' is a homomorphism 
of nonlocal vertex algebras. For u E U, v E V[g], hj fl2.25p we have 

Y{^{u),X2)Y{<p{v),x,)l = Y{<p{v),x^)Y{^{g-'u),X2)l, 

which implies that Y{ip{u),x)(p{v) E K[[x]]. For any u E U, v,v' E V, there exists 
a nonnegative integer / such that 

(xo + X2yY{tP{u),xo + X2)Y{(P{v),X2)(p{v') = {xo + X2yY{Y{^{u),xo)(p{v),X2)(p{v'). 

As Y {ip{u) , x)Y {(p{v) , X2)(p{v') involves only nonnegative powers of x, in fact we have 

Y{^{u),xo + X2)Y{<p{v),X2)(p{v') = Y{Y{^{u),xo)(p{v),X2)(p{v'). 

Furthermore, we have 

9{Yi{u0l,x){u' 0v')) = 9{Y{u,x)u' 0v') 

= lim Y{ip{Y{u,x)u'),X2)(p{v') 

= lim Y(Y{ip{u), x)ip{u ),x 2) 4>{v') 

= lim Y{ip{u),x + X2)Y{ip{u),X2)(p{v') 

= Y{ij{u),x)9{u 0v') 
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and 



e{Y^{l(g)v,x){u' (g)v')) = 0{gu' (g)Y{v,x)v') 

= Urn Y{ip{gu'),X2)4>(Y{v,x)v') 

= Urn Y{tp{gu'),X2)Y{(j){v),x)(f){v') 

X2—*0 

= lim Y{(f){v),x + X2)Y{ip{u'),X2)(p{v') 

X2^0 

= Y{(f){v),x)e{u' ^v'). 

As U and V generate U^cVy it follows that ^ is a homomorpliism. □ 

We continue to study ^/jjcV^-niodules. 
Proposition 2.16. Let E be a U -module on which G acts such that 
g{Y{u,x)w) = Y{gu,x)gw for g & G, u & U, w E E, 
and let F be any V -module. Then E ® F is a U'iiGV-module with 

Y{u (g) V, x){w ® /) = Y{u, x)gw Y{v, x)f (2.26) 

for u E U, f G V[g], gEG, wEE, fEF. We denote this module by E^F . 
Furthermore, if the U -module E and the V -module F are irreducible and if E is of 
countable dimension (overC), then E^F is an irreducible U^g^ -module. 

Proof. From the first part of the proof of Proposition I2.14[ we see that this indeed 
defines a ^/tjcV^-niodule structure on E^F. For proving irreducibility, let W be any 
nonzero submodule of E ® F. Notice that U acts on the first factor of E ^ F. Since 
E is an irreducible [/-module of countable dimension (over C), the Schur lemma 
holds and EnduE = C. Using Jacobson's density theorem on E, we get W = E ® K 
for some subspace K of F. From the definition of the action of V on E ^ F, we see 
that i^' is a \^-submodule of F. With F an irreducible ^-module we have K = F, 
proving W = E ^ F. Thus E ^ F is an irreducible [/tjc^-niodule. □ 

Corollary 2.17. Assume that both U and V are irreducible nonlocal vertex algebras 
and that U is of countable dimension (overC). Then U^gV is an irreducible nonlocal 
vertex algebra. 

Proposition 2.18. Let W be a U^G^-nT'Odule. Assume that W contains an irre- 
ducible U -submodule E of countable dimension (over C) on which G acts such that 

g(Y{u,x)w) = Y{gu,x)gw for g G G, u E U, w E E 

and assume that W is generated by E. Then W is isomorphic to E ® F for some 
V -module F. Furthermore, ifW is irreducible, then F is an irreducible V -module. 
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Proof. First we prove that W as cl [/-module is a direct sum of irreducible modules 
isomorphic to E. Let v G V[g], n G Z with g & G. It is clear that VnE is a 
Z7-submodule of W and the linear map from E to VnE, sending w to Vng~^w, is 
a fZ-homomorphism. Thus VnE, if not zero, is an irreducible f/-submodule of W, 
isomorphic to E. Let W be the sum of the f/-sub modules VnE for f G ^[(7], n G Z 
with g E G. It follows from Lemma [2.31 that W is a \^-submodule of W. As f/ and 
V generate U'\\gV, it follows that W is a t/jjcl^-submodule. Thus W = W as W is 
generated by E. This proves that W as a [/-module is a direct sum of copies of E. 

With E an irreducible ?7-module of countable dimension (over C), we have W = 
E ® RomuiE,W). For v G V[g], g E G, f e RomuiE,W), we define Y{v,x)f G 
(Homc(S,iy))[[x,x-i]] by 

= Y{v,x)f{g^^w) for w E E. 

For u E U, w E W, we have 

(F(t;,x)/)(FKxoH = F(t;,x)/(r'V'KxoH 

= F(t;,a;)y(5(~^u,2;o)/(5'^^w) 
= Y{u,xo)Y{v,x)f{g'^w) 
= Y{u,Xo){Y{v,x)f){w). 

This proves that Y{v,x)f E (B.omu{E ,W))[[x, x^^]]. Let w E E he arbitrarily 
fixed. Since E is an irreducible [/-module, g~^w generates E. Let / be a nonnegative 
integer such that x''Y{v,x)f{g~^w) E W[[x]]. It follows that 

x'{Y{v,x)f) E {l{omu{E,W))[[x]]. 

That is, Y{v,x)f E (}iomu{E,W)){{x)). Furthermore, for v E V[g], v' E V[h] with 
g,h E G and for w E W, we have 

{Y{v, x^)Y{v', X2)f Kw) = Y{v, x,){Y{v', X2)f)ig-'w) = Y{v, x^)Y{v', X2)f{h-'g-'w) 
and 

iY{Y{v, xoW, X2)f){w) = Y{Y{v, x^W, X2)f{{gh)-'w). 

Now weak associativity follows. This proves that we have a V^-module structure on 
B.omu{E, W), so that E ^B.omu{E, W) is a [/jjcV^-module by Proposition 12.161 and 
we have W = E®B.omu{E, W) as a [/^g^- module. If W is irreducible, }iomu{E, W) 
must be an irreducible ^-module. □ 

3 Associative algebras and quantum vertex al- 
gebras Vq 

In this section we associate an associative algebra to each "skew" complex 
matrix Q and we study its modules, including vacuum modules. We show that on 
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the universal vacuum module Vq there exists a canonical irreducible quantum vertex 
algebra structure. 

Definition 3.1. Let I be a positive integer and let Q — {qij)\ j^i be a complex 
matrix such that 

qijqji = l ior 1 <i,j <l. (3.1) 
Define to be the associative algebra with identity (over C) with generators 

Xi,n, yi,n (i = 1, . . . ,/, n e Z), 

subject to relations 

for i, j — 1, . . . ,1, 171,71 & Z. 

Let {ei, . . . , e/} denote the standard Z-basis of z'. It is straightforward to see 
that is a z'-graded algebra with the grading defined by 

degXi^rn = ei, degYi^rn = -ei for 1 < i < /, m G Z. (3.3) 

Set 



= {Xi^rn, yj,n \ i, j = I, ■ ■ ■ , 1 , 171,71 >0), 

Aq = {Xi^m, yj,n \ i,3 = l,...,l, m,n<Q), 

which are z'-graded subalgebras of v4q . 

Notice that if qij = 1 for alH, j = 1, . . . , /, the algebra Aq, which is isomorphic to 
the universal enveloping algebra of an infinite-dimensional Heisenberg Lie algebra, 
is a Weyl algebra, and that if q'^j = — 1 for alH, j = 1, . . . ,1, Aq^ is a Clifford algebra. 
In general, we have qu — ±1 for 1 < i < Z as qaqu — 1. Then, for each 1 < i < I, 
the algebra .4.(g..) (associated with the 1x1 matrix qu) is either a Weyl algebra or a 
Clifford algebra. In the following we shall prove that Aq is isomorphic to a certain 
cocycle-twist of the tensor product algebra A{q^^) ® ■ ■ ■ ® A[qn). 

For 1 < i < we temporarily denote the generators of A[q^^) by Xi^rn and Yi^m 
for m e Z. Define a Z-grading on A{q^^) by 

degXi,^ = l, degFj,^ = -l for m e Z, (3.4) 

making A(q^^) a Z-graded algebra, where we denote by A{^q^^) [n] the degree-n subspace 
for n e Z. Set 
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the tensor product algebra, which is naturally a z'-graded algebra. We define a 
group homomorphism £ : z' x z' — > by 

^(e.e,) = (f liy, (3.5) 

for 1 < i, J < /, recalling that {ci, . . . , e^} is the standard Z-basis of z'. In particular, 
e is a normalized 2-cocycle of z'. Denote by A"^ the £-twist of A. That is, A^ — A 
as a vector space and for a e A[a], b e A\P] with a, /5 e z', 

a"6" = £(Q;,/3)(a6)", (3.6) 

where for any -u G we use u"^ for u viewed as an element of A'^. Notice that for 
each 1 < i < /, as e{ei, Cj) = 1, ^(g..) = ^(gii) as an algebra. 

Proposition 3.2. The map 

<P:{Xl^,Y^^\l<i<l,mez}GA'^Aci; X/,^ ^ X,,^, ^.^^ ^ 

extends to an algebra isomorphism, from, the e-twist A^ of the l! -graded algebra A to 
Aqi- Furthermore, for each I < i < I, the assignment 

gives rise to an algebra embedding of A{q^^) into Aqi, and the linear map 

: ^(qii) <8) • • • <8) ^ (oi, . . . ,a/) i-^ ai • • -a; (3.7) 
is a linear isomorphism preserving the l}-gradings. 
Proof. From the definition of e we get 

e{ei, ej)e{ej, e,)"^ = for i ^ j. 
For I < i ^ j < I, m,n E Z, we have 

— o - Y^ Y^ 



,,m' 



Since £(ej, e^) = 1, we also have 



Y^ Y^ — a Y^ Y^ 

i,m i,n ^iii i,n i,m,i 
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It follows that there exists an algebra homomorphism ijj from onto such that 

iPiXi^m) = Xlm, Hyi,m) = for ^ = 1, m G Z. 

On the other hand, define a group homomorphism : x — > by 

e\ei, Cj) = e{ei, ej)"^ for I <i,j <L 

We then consider the e'- twist Aq of ^q. It is straightforward to show that for 
1 < ^ 7^ J < ^, m,n & Z, 

-y-e' Y's' -v^e' ve' ye' ye' ye' ye' x^e' ye' ye' 

i,m j,n j,n i,m' i,m j,n j,n i,m' i,m j,n j,n i,rm 

Y^' Y^' = n Y^' Y^' V^' V^' = n V^' Y^' Y^' V^' — n V^' Y^' = 

^i,m^i,n 'Jtt^i,n^i,mi ^ i,m-'- i,n W-'^ i,n-'^ i,mi ^i,m^ i,n W-'- i,n^i,m "m+n+1,0- 

It follows that there exists an algebra homomorphism from A to Aq, sending Xi^m 
to Xf^ and Yi^m to Yf!^ for 1 < i < I, m E Z. Furthermore, there exists an algebra 
homomorphism from A^ to (^q)^ = ^q. sending Xf„, to X,; „; and Yf^^ to m for 
1 < i < /, m G Z. Now it follows that ip is an isomorphism from onto A"^. 
Notice that for homogeneous ai G . . . , a; G A(qii)[mi], we have 

al - ■ -tti — A(ai • • • aiY 

in A^ for some nonzero number A depending on mi, . . . , m/. Then all the assertions 
follow immediately. □ 

Furthermore we have: 

Corollary 3.3. The linear maps 

ai (8) • • • (8) a; i— >ai---a/ (3.8) 

are linear isomorphisms. Furthermore, the linear map 

Aq (8) — > ^q; a®h^ ah 

is a linear isomorphism. 

Proof. For each 1 < i < Z, it is well known that the linear map 

is a linear isomorphism. With A — Ai^q^^) ® ■ ■ ■ ® »4.(q„), the linear map 

A~ ®A'^ ^ A] a®h^ ah 
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is a linear isomorphism, where 

Clearly, are z'-graded subalgebras. For any homog eneous vectors cti, . . . , ct^ 
we have 

al---al = /i(ai ■ ■ -akf, 

where is a nonzero number depending only on the gradings of Oi, . . . , Ofc. It follows 
that = {A'^y, under the identification of with A^ in Proposition 13.21 Then 
all the assertions follow from the second assertion of Proposition 13.21 □ 

In the following we shall show that can also be constructed inductively by 
using smash products of algebras ^(qn), . . . ,A(q^^). First we formulate the following 
straightforward consequence of the definition: 

Lemma 3.4. For any q = (gi, . . . ,qi) G (C^)', there exists a (unique) automorphism 
cTq of Aq such that 

fori = 1, ...,/, m G Z. Furthermore, the multiplicative group (C^)' acts on Aq 
with q = {qi, . . . ,qi) G (C^)' acting as (Jq. 

Note that any associative algebra with identity is a nonlocal vertex algebra. Then 
all the results for smash product nonlocal vertex algebras in Section 2 hold for the 
degenerate case with U = A and V = B classical associative algebras. 

Proposition 3.5. Let Q = {qij)[ j^-^ be a complex matrix with I > 2 such that 
qijqji = 1 fori <i,j < I. Set Q' = {qij)i<i,j<i-i and set 



q= G 



Let Z act on Aq' with n acting as for n G Z and equip .4.(g;;) with the Z-grading 
constructed before. Then the natural algebra homomorphisms from Aq' and from 
^(g;;) to Aq give rise to an algebra isomorphism from ^Q/tlz^(g,,) to Aq. 

Proof. Let X^, {m G Z) denote the generators of .A(g,,). For I < i, j < I — 1, m E 
Z, set Xi^rn = Xi^rn, yi,m = yi,m, and X;,^ = Xm, Yi^rn = Ym, which are elements of 
^Q/jjz^(g;;). For 1 < i < / — 1, m,n E Z, noticing that degX^, = —1 and degY^ = 1, 
we have 

Xl^nXi^rn XfiXi^fn CTq (^X,i^Yri)Xji ^ Xi fyiXn qi iXi fyiXi^n) 

Yl^nYi^m Y^Yi O'qiYi jji^Yfi Q'^ ^ Yi^^jiYn qi,iy^i,mYl,m 

'^l,nXi^rn "^nXi^rn '^q(^j,m)^^ qi,lXi^inY^ ^^^^ jt^Y; ,2, 
Xl^nYi^m XnYi^m CTq (Yi^jyi) X^ qi,lYi^rnXn qi,lYirnXl^n- 
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It follows that there exists an algebra homomorphism vr from to AQ4z'^{qii), 
sending Xi^m to Xj^m, ^j,m to Yi^m for I < i,j < I, m G Z. On the other hand, 
let / be the natural algebra homomorphism from Aq' to and g the natural 
algebra homomorphism from v4.(g;,) to ^q. By Proposition 12 . 1 5l we have an algebra 
homomorphism /jj^' from ^Q/tlz^(q,;) to ^q, extending / and g. It is clear that f^ig 
is inverse to tt, so that f^g is an isomorphism. □ 

Recall that are the subalgebras of ^q, generated by Xi^rn,yi,m for 1 < i < 
I, m > 0. A vector w in an ^Q-module W is called a vacuum vector if AqW = 0, 
and an ^Q-module W equipped with a vacuum vector which generates W is called 
a vacuum AQ-module. 

Set 

K3 = ^q/(^q^+), (3.10) 

a left ^Q-module, and set 

1 = 1 + (^Q^+) G Vq. 

Clearly, 1 is a vacuum vector and Vq equipped with 1 is a vacuum ^q-module. 
Furthermore, Vq is universal in the obvious sense. 

Proposition 3.6. The vacuum AQ-module Vq is irreducible and every nonzero 
vacuum AQ-module is irreducible and isomorphic to Vq. 

Proof. Notice that if the universal vacuum module Vq is irreducible, the other as- 
sertions follow immediately. We shall use induction on / to show that Vq is an 
irreducible ^Q-module. If / = 1, ^q = ^(g^) is a Weyl algebra or a Clifford algebra 
and it is well known that V(g^^) is an irreducible ^(g^^)-module. Now, assume that 
I > 2. For a given I x I matrix Q, set Q' = By the induction hypothesis Vq/ 

is an irreducible ^Q'-module and every nonzero vacuum ^Q/-module is isomorphic to 
Vq/. Recall that Aq = Aq^A^q^i) (Proposition 13. 5p . By Proposition 12. 16[ VQ/tlV(q;j) 
is an irreducible w4Q'tj./l(q;;)-module. It is clear that 1 (g) 1 is a vacuum vector, so that 
^Q'tt^(gn) is ^ vacuum ^Q-module. Let ip denote the natural ^Q-homomorphism 
from ^Q = AQi'\!,A(qii) to Vq, sending a G ^q to al. Let a' G ^q', b G 
with m G Z. We have ip{a'^b) = a'bl = &(Tq™'(a')l. As o"q(^Q,) C ^q,, we see that 
gives rise to an ^Q-homomorphism ip from VQ'tlV(g;,) to Vq, sending 1 (g) 1 to 1. 
As VQ/tlV(g„) is irreducible, it follows that ip is an isomorphism. Consequently, Vq is 
an irreducible ^Q-module. □ 

For 1 < i < /, set 

M«=X,„_il, = y,,_il G Vq (3.11) 

and set 

X,{x) = J]X,,„a;-"-\ Y,{x) = J] r,,„a;-"-i G Aq[[x,x-% (3.12) 
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Theorem 3.7. Let Q = {(lij)i<i,j<i be a complex matrix such that QijQji = 1 for 
1 < "^5 J < l^t -^Q be the associative algebra associated with Q and let Vq be the 
universal vacuum A^-module. There exists a (unique) irreducible quantum vertex 
algebra structure on Vq with 1 as the vacuum vector such that 

Y{u^^,x)=Xi{x), Y{y^\x) = Yi{x) for i = 1, . . . ,1. 

Let W be any AQ-module satisfying the condition that for any w G W , Xi^^w = 
Yi,m.w = for 1 < i < I and for m sufficiently large. Then there exists a (unique) 
VQ-module structure on W with 

x) = Yw{v^'\x) = Y,{x) for 1 = 1,..., I. 

Conversely, any VQ-module W is an AQ-module with 

X,{x) = x), = Yw{v^'\x) for 1 = 1,..., I. 

Proof. For m G Z, /c > 1, let 

Z Z''^^ Z^^^ G IX- Y \l < i <1\ 

It follows from induction on k that 

Z Z^'^^ ■ ■ ■ Z^'^H = n 

whenever m > and m ^ {—mi — 1, ... , — — 1}. Then 

{X,{x),Y,{x) \ l<t<l}c £{Vq) = Hom(VQ, Vq((x))). 

Set T = {Xi{x),Yi{x) I i = 1,. . . ,1}. From the defining relations of ^q, T is an 
iS-local subset of S{Vq). By Theorem 5.8 of [Li6j . T generates a weak quantum 
vertex algebra (T), where the vertex operator map is denoted by Yg, with Vq as a 
module where Yvf-^{a{x), Xq) = a{xo) for a{x) G (T). By Proposition 6.7 of |Li6j . we 
have 

Y£{Xi{x) , xi)Ys{Xj{x) , X2) = qijYs{Xj{x) , X2)Y£{Xi{x) , xi) , 
Y£{Yi{x),Xi)Y£{Yj{x),X2) = qijY£{Yj{x),X2)Y£{Yi{x),Xi), 

Y£{Xi{x),Xi)Y£{Yj{x),X2) - qjiY£{Yj{x),X2)Yg{Xi{x),Xi) = 6ijX^^6 (^^^ 

for i, j = 1, . . . ,1. It follows that (T) is an ^Q-module with 

X^{xo) = YsiXiix), xo), Yi{xo) = Ye{Yi{x), xq) for 1 < z < /. 

It is clear that (T) is a vacuum module with Ivq as the vacuum vector. From the 
construction of Vq, there is an .AQ-module homomorphism tt from Vq to (T), sending 
1 to Ivq. Now, in view of Theorem 6.3 of |Li6] . there exists a weak quantum vertex 
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algebra structure on Vq with all the required properties. As Vq is an irreducible ^q- 
module, Vq as a Vq-module is irreducible. Therefore, Vq is an irreducible quantum 
vertex algebra. 

Let W be any ^Q-module satisfying the condition that for any w G W, Xi^^w = 
Yi^mW = for 1 < z < / and for m sufficiently large. Then Tw = Yi{x) \ i = 

1, . . . , Z}, viewed as a subset of S(W), is iS-local and then by Theorem 5.8 of |Li6j . 
generates a weak quantum vertex algebra {T\y) with as a module. It follows from 
the same argument that {Tw) is a vacuum ^Q-module and that there exists an ^q- 
module homomorphism ip from Vq to (Tiy), sending 1 to Iw As Vq is generated 
by u^^\v^^\ it follows that ip is a weak-quantum-vertex-algebra homomorphism. 
Consequently, PV is a Vcj-module. 

On the other hand, let (W, Yw) be a Vcj-module. By Proposition 6.7 of |Li6j . we 
have 



for 1 < i, j < I. It follows that W is an ^Q-module with Xj(x) = Yy[/(u^'^\x) and 
Yi{x) = Yyy{v^^\x) for z = 1,...,/. For any w G W, as Yyy(a,x)w G W{{x)) for 
a G Vq, we have Xj = Yi mW = for 1 < i < / and for m sufficiently large. □ 

Furthermore, we have: 

Proposition 3.8. Let V be any nonlocal vertex algebra and let ip be any map from 
I i = 1, . . . , /} toV such that 



for 1 < i, j < I. Then there exists a unique nonlocal-vertex- algebra homomorphism 
from Vq to V , extending ip. 

Proof. The uniqueness is clear. From the assumption we see that V is an ^q- 
module with Xj(x) = Y^ip^u^^^), x) and = *^*^), x) for 1 < i < /, that the 

submodule generated by the vacuum vector is a vacuum ^Q-module. Then there 
exists an ^Q-module homomorphism ip from Vq to V, sending the vacuum vector 
to the vacuum vector. As Vq is generated by u^^\ v^^^ {i = 1, . . . , /), it follows that 
is a nonlocal-vertex-algebra homomorphism, extending ip. □ 



Yw{u^'\xi)Yw{u^'\x2) = q.,Yw{u^'\x2)Yw{u^'^,xi), 
Ywiv^'\x^)Ywiv^'\x2) = q,,Ywiv^'\x2)Ywiv^'\x^), 

Yw{u^'\xi)Yw{v^'\x2) - qJ^Yw{v^'\x2)Yw{u^'\xl) = 6,,X^H 




Y{^{u^'^),x^)Y{i,{u^^^),X2) 
Y{iP{v^'^),Xi)Y{ij{v^^^),X2) 

Y{ij{u^^),xi)Y{ij{v^^^),X2) 



g,,,y(7/;(M(^')),X2)y(^(M»),a;i), 
g,,r(^(t;(^')),X2)F(^(i;«),xi), 

g,,F(^(t;(^')),X2)r(V^(M«),xi) = 6,,x:,H 
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Let V he a nonlocal vertex algebra. Define LC(y) to consist of vectors a & V 
satisfying the condition that for every v & V, there exists a nonnegative integer k 
such that 

{xi - X2)'[Y{a,xi),Y{v,X2)] = 0. 
One can show that LC{V) is a subalgebra of V and it is a vertex algebra itself. 

Definition 3.9. Let be a nonlocal vertex algebra. A vector u & V is called a 
conformal vector if G LC{V) and if the following Virasoro algebra relation holds 
for m, n G Z, 

[L{m), L{n)] = {m - n)L{m + n) + j^im^ - m)5m+nfiC 



and 



[L{-l),Y{v,x)] = Y{L{-l)v,x) = ^Y{v,x) (3.13) 



for all f G l^, where Y{uj, x) = Xlnez L{n)x^^ and c is a complex number. A 
nonlocal vertex algebra equipped with a conformal vector is called a conformal 
nonlocal vertex algebra. 

Remark 3.10. Recall that for e = ±1, A[^) is the associative algebra with generators 
a^, bn for m,n E Z, subject to relations 



Set a = a_il, b = G V(,). It has been known f jFFRj . [W]; cf. [DT], [D2]) that 
there exists a (unique) conformal vertex superalgebra structure on V(e) with 1 as the 
vacuum vector and with 

Y{a,x) = ^a„a:;"""^ and Y{b,x) = ^ 6„x"""\ 

nGZ nGZ 

and with the conformal vector 

uj = ^{b_2a - ^a^2b) (3-14) 

of central charge — e. Furthermore, V(e) is simple and is |z+-graded by the L{0)- 
weights with 

(V(,))(o) = CI and (V(,))(i/2) = Ca + Cb. 

On the other hand, A(e) is a Z-graded algebra with degOm = 1, degfori = —1 for 
m, n G Z, and the vacuum module V(e) is naturally a Z-graded .4(e)-module with 
deg 1 = 0. For m, G Z, we have 

amV(e)[n] C V(e)[n + 1], 6mV(,)[n] C V(e)[n - 1]. 

Since V(e) as a vertex superalgebra is generated by a and b, it follows from induction 
that V(e) equipped with the Z-grading is a vertex Z-graded superalgebra with uj G 

(V(e))[0]. 
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Proposition 3.11. Let Q be an I x I complex matrix as before. Then Vq is a 
conformal quantum vertex algebra of central charge — (gn + ■ ■ ■ + qu) with conformal 
vector 

00 = -J^i^^u^''' - (3.15) 
1=1 

and Vq is ^Z+-graded by the L{0)-weights such that (Vq)(o) = Cl and 

(Vq)(i/2) = span{u«,t;« | 1 < ^ < /}• 

Proof. We have simple conformal vertex superalgebras V(gj^), . . . , V(^g^^y For I < i < 
I, denote the two generators of V(q..) by a^^\ b^^\ Set 

the tensor product conformal vertex superalgebra with the conformal vector 

i=l 

Then U is |z+-graded by the L(0)-weights with ?7(o) = Cl and 

= span{a^'\b^'^ I 1 < « < /}. 

On the other hand, as V(q^j ),..., V(g;;) are vertex Z-graded superalgebras, f/ is a 
vertex z'-graded superalgebra. Let e : z' x z' — C^ be the group homomorphism 
defined in (13.51) . In view of Lemma I2.13[ we have a nondegenerate quantum vertex 
algebra (t/'^,!^^, 1). A straightforward calculation yields 

n(a»,Xi)n(a(^^X2) = q,jY,{a^'\x2)Y,{a^'\x,), 
n(6«,xi)n(&(^'\a;2) = g.,n(6(^'),X2)i;(6«,xi), 

n(a«,xi)n(6(^),X2) - g,,n(6(^),X2)n(a«,xi) = 5,,x^'S (^^^ 

for 1 < i,j < I. Hence, by Proposition 13. 8^ there is a nonlocal vertex algebra 
homomorphism ip from Vq to such that 

iPim) = (a»)^ ij{v') = {b'^'^Y for 1 < i < /. 

As Vq is simple, ip is an isomorphism. Notice that u G U[0], the degree-0 subspace 
of U with respect to the z'-grading. It follows that u G LC{U^) and Yi,{uj,x) = 
Y{uJ, x) on U. Then f/^ equipped with the conformal vector is a conformal vertex 
algebra. □ 
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Proposition 3.12. Let W be a VQ-module satisfying the condition that for any 
w G W , there exists a positive integer k such that {Aq)''w = 0. Then W is a direct 
sum of irreducible modules isomorphic to the adjoint module Vq. 

Proof. If Z = 1, = ^(gii) is either a Weyl algebra or a Clifford algebra and it is 
well known that the assertion is true. If / > 2, by Proposition 13.51 = ^Q/jj^(g;;) 
with Q' = {qij)\~j^i- Assume that the assertion holds for ^q'. Let W be any 
.Aq-module satisfying the condition that for any w G W, there exists a positive 
integer k such that {Aq)''w = 0. Then W as an ^Q'-module is a direct sum of 
irreducible ^q'-submodules isomorphic to Vq'. In view of Proposition l2.18l we have 
W = Vq/jlF for some A(q^^)-modvL\e F. We know that F is a direct sum of irreducible 
A(q^^)-m.odu\es isomorphic to V(q^^). By Proposition I2.16[ VQ'tlV(g,;) is an irreducible 
^Q/tl^(q;;)-module. It follows that Vq ~ ^Q'tl^{(ja)- Consequently, is a direct sum 
of irreducible modules isomorphic to Vq. □ 

For the rest of this section, we establish certain results for Vq, which we shall 
need in the next section. 

Definition 3.13. Let V he a nonlocal vertex algebra. A pseudo-endomorphism of 
V (see |Li5] ) is a linear map : V ^ V ® such that <l'(x)(l) = 1 and 



A pseudo-endomorphism is called a pseudo- automorphism if there exists a 

pseudo-endomorphism \E'(x) such that $(x)\E'(x)t' = v = '${x)^{x)v for v & V. 
We say that pseudo-endomorphisms $(a;) and \E'(x) commute if <l'(xi)\E'(x2) = 

^(X2)$(xi). 

The following is straightforward (see |Li5] ): 

Proposition 3.14. Let V be a nonlocal vertex algebra. A pseudo-endomorphism of 
V exactly amounts to a nonlocal-vertex- algebra homomorphism from V to the tensor 
product nonlocal vertex algebra V^C{{x)) , where C{{x)) is viewed as a vertex algebra 
with 1 as the vacuum vector and 



We have the following results for the quantum vertex algebra Vq: 

Lemma 3.15. Let Q = {qij) be an Ixl matrix as before. For any {pi{x), . . . ,pi{x)) G 
C{{x)y with pi{x) 7^ for all i, there exists a pseudo -automorphism $(x) o/Vq such 
that 



$(xi)F(f , X2) = F($(xi - X2)v, X2)$(xi) for all v e V. 



(3.16) 



y{f{x), z)g{x) = f{x - z)g{x) for f{x),g{x) G C{{x)). 



$(x)(u«) 



u^*^ ®Pi{x), 



$(x)(t;») 



v^'^ ®Pi{x) 



1 



/or« = 1,...,/. 



Furthermore, all such pseudo- automorphisms commute. 
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Proof. Denote by Y the vertex operator map for the tensor product nonlocal vertex 
algebra Vq C((x)). From definition we have 



Y{a (g) /(x), z) = Y{a, z) ® f{x - z) for a e Vq, f{x) e C((x)). 



® Pi{x),Xi)Y{u^^^^ ®p,j{x),X2) 
= Y{u^'^\ xi)Y{u^^\ X2) Pi{x — xi)pj{x — X2) 
= qijY{u'^^\ X2)Y{u'^'\xi) (g) pj{x - X2)pi{x - Xi) 
= qijY{u^^^ <S) Pj{x),X2)Y{u^'^ ®pi{x),xi), 

y(f(*) ®Pi{xy\xi)Y{v^^'^ iS)Pj{x)~\x2) 
= qijY{v'^^^ ®pj{xy\x2)Y{v^'^ ^pi{xy^,xi), 



(g) pi{x),xi)Y{v^^'> (g) pj{x) \ X2) 
-qjiY{v''^'> ^Pj{xy^,X2)Y{u^''^ ^pi{x),xi) 
= {Y{u^'\xi)Y{v''^\x2) - qjiY{v''^\x2)Y{v^'\xi)) ® pi{x - Xi)p]^{x-X2) 



In view of Proposition 13.81 there exists a nonlocal- vertex-algebra homomorphism ip 
from Vq into Vq (g C((x)) such that 

^(mW) = M« =t;» for i = 1,...,/. 

The map ip : Vq — > Vq (g C((x)), alternatively denoted by $( pseudo- 
automorphism of V satisfying the required property (recall Proposition I3.14p . The 
rest is clear. □ 

4 Zamolodchikov-Faddeev type quantum vertex 
algebras 

The associative algebras ^q, which were studied in the previous section, are actually 
the simplest Zamolodchikov-Faddeev algebras. A general Zamolodchikov-Faddeev 
algebra is associated with a quantum Yang-Baxter operator S{xi,X2) (with two 



The following relations hold: 
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spectral parameters) on a finite-dimensional vector space. In |Li8j . for any finite- 
dimensional vector space H equipped with a bilinear form and a linear map S{x) : 
H H (^C[[x]], we constructed a "universal" weak quantum vertex algebra V{H, S) 
with certain generators and defining relations. Then we studied a special family of 
V{H,S) and proved that V{H,S) are nondegenerate quantum vertex algebras. In 
this section, we study the case in which S{x) is diagonalizable. By using the results 
of Sections 2 and 3 we prove that either V{H, S) is zero, or an irreducible quantum 
vertex algebra with a normal basis in a certain sense. Furthermore, we prove that 
V{H, S) are indeed nonzero for a certain family. 
First we recall from jLiSj the following notion: 

Definition 4.1. Let if be a vector space equipped with a bilinear form (-, ■) and 
let S{x) : H®H ^ H ®H ®C{{x)) be a linear map. An {H , S) -module is a module 
W for the (free) tensor algebra T{H (g) C[t, t^^]) such that for any a E H, w & W, 

a{m)w = for m sufficiently large, (4.1) 

where a{m) denotes the operator on W corresponding to a ^t"^, and such that 

a{xi)b{x2)w - ^ fi{x2 - Xi)b'^'\x2)a^'\xi)w = x^^d ( — j (a, h)w (4.2) 
for a,b E H, w E W, where u{x) = Xlmez '"('^)-^~™~"^ for m G if and 

r 

S{x){b®a) = ®a« ® /,(a;). 

1=1 

(Notice that the condition (14. ip guarantees that for any m,n E Z, the coefficient of 
x^X2 in the left side of (14. 2 p is a finite sum in W.) 

Let W be an (ii, 5) -module. A vector e E W is called a vacuum vector if 

a(m)e = for all a G if, m > 0. (4.3) 

A vacuum {H,S) -module is an (ii, 5)-module W equipped with a vacuum vector e 
that generates W. We also denote the vacuum module by (W,e). The notion of a 
universal vacuum (if , iS) -module is defined in the obvious way. If S{x) : H ® H ^ 
H ® H ® C[[x]], universal vacuum (if, 5) -modules exist, as was shown in |Li8] by 
the following tautological construction: Let T(ff ® C[t,t^^])^ be the subspace of 
T{H ® C[t, t~^]), spanned by the vectors 

(aW®ri)---(a('^)®r'-) 

for r > 1, a^*) E H, Hi El with rii -\ h n,, > 0. Set 

J = T{H O C[t, t-^])T{H O C[t, r^])+. 
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a left ideal of T{H (g) C[t, t''^]), and then set 



V{H,S) =T{H^C[t,t-^])/J, 

a left T(i7 (g)C[t,t-^])-module. Clearly, the condition gH) holds. Define V{H,S) 
to be the quotient module of V{H,S) modulo the relations (14. 21) . Let 1 denote the 
image in V{H,S) of 1. 

The following result was established in [LTSJ (Propositions 2.18 and 4.3): 

Proposition 4.2. Let H be a vector space equipped with a bilinear form (-, ■) and 
let S{x) : H ® H — >■ H ® H ® C[[x]] be a linear map. Then {V{H,S), 1) is a 
universal vacuum {H,S) -module and there exists a unique weak quantum vertex 
algebra structure on V{H, S) with 1 as the vacuum vector such that 

Y{a{— 1)1, x) = a{x) for a & H. 

Furthermore, on any {H, S)-module W there exists a unique V{H,S)-module struc- 
ture Yw such that 

Yw{o,{— 1)1, x) = a{x) for a E H. 

Remark 4.3. Note that it was assumed in ( |Li8j . Proposition 2.18) that the linear 
map from H to V{H,S), sending a to a(— 1)1 for a G if, is injective. In fact, this 
assumption was not used in the proof. If the linear map a & H ^ a(— 1)1 G V{H, S) 
is injective, H can be identified with a subspace of V{H, S) and if is a generating 
subspace. In general, the subspace {a(— 1)1 | a G H} is a generating subspace. 

Remark 4.4. The nonlocal vertex algebra V{H, S) is universal in the sense that 
for any given nonlocal vertex algebra V and for any given linear map cf) : H ^ V 
satisfying 

r 

Y{ct>{u),x^)Y{(t>{v),X2) - - Xi)F(0(t;«), X2)F(0(m«), xi) 

i=l 

= {u,v)x^'s(^^^ (4.4) 
for u,v E H , where 

r 

S{x){v ®u) = ^v^^ ® u^^ ® fi{x) G H H ® C[[x]], 

i=l 

there exists a unique nonlocal- vertex-algebra homomorphism from V{H, S) to V, 
sending a(— 1)1 to 0(a) for a E H. Indeed, the relation (14.41) implies that V is an 
(if, 5)-module with a{x) = Y{(j){a),x) for a E H. Clearly, 1 is a vacuum vector of 
V viewed as an {H, 5)-module. It follows that the (if, 5)-submodule of V generated 
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from 1 is a vacuum module. Then there exists an (if, iS)-module homomorphism 
-0 from V{H, S) to V, sending the vacuum vector to the vacuum vector. Since 
{a(— 1)1 I a e H} generates V{H,S) as a nonlocal vertex algebra, it follows that ip 
is a nonlocal-vertex-algebra homomorphism, where 

^(a(-l)l) = Res^x-^^p{Y{a{-l)l, x)l) = Res^x-^Y {^{a) , x)l = ^{a) 

for a E H . The uniqueness is clear. 

The following is our first result of this section: 

Theorem 4.5. Let H he a finite- dimensional vector space equipped with a bilinear 
form (-, ■) and let S{x) : H^H^H^H^ be a linear map. Suppose that 

there exists a basis {u^^\ . . . , u*-'-*, v^^\ . . . , f*-'-*} of H such that 

and 

where qij G C with qijqji = 1 for i,j = 1, . . . ,/. Assume that V{H,S) is not zero. 
Then V{H,S) is an irreducible quantum vertex algebra with Gtf{V{H, S)) = Vq 
where Q = {qij)lj^i and F is the increasing filtration of V , defined in Lemma \2. S{ 
associated with the generating subspace T = {a(— 1)1 | a G H}. Furthermore, S{x) 
must be a unitary rational quantum Yang-Baxter operator. 

Proof. We first prove GipiV^H, S)) = Vq. Recall that V{H,S) is generated by 
a(— 1)1 for a E H, where y(a(— l)l,x) = a{x). By definition, for n < 0, F„ is 
linearly spanned by the vectors 

aW(mi)---a('")(m,)l 

for r > 1, a^*^ ^ H, nii E Z with mi -!-••• + > —n, and for n > 0, F^ is linearly 
spanned by 1 and the vectors of the same form. By Corollary 4.2 of |Li8j . we have 

/iW(mi)---/i('')(m,)l = 

for r > 1, h^^\ . . . , h^^^ G H, mi, . . . , rrir G Z with mi + ■ • ■ + m^ > 0. Consequently, 
F„ = forn < -1 and Fq = Cl 0). Then Gri.(\/(/f, S)) ^ 0. 
Notice that a(-l)l G Fi for a e H. For 1 < i < /, set 

^« =M»(-l)l + Fo, v^'^ =t;»(-l)l + Fo G Fi/Fq C Gtf{V{H,S)). 
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Then Gtf{V{H,S)) is generated by u^^\v^^^ for 1 <i <l and we have 

Y{v^'\xi)Y{v^-^\x2) = qijY{v^^\x2)Y{v^'\xi), 
Y{u^'\x,)Y{v^-^\x2) - q,.Y{v^^\x2)Y{u^'\x,) = 5,,x',H 

for i, j = 1, . . . ,1. In view of Proposition 13.8^ there exists a nonlocal- vertex-algebra 
homomorphism ip from Vq onto Gtf{V{H,S)) such that 

^(a«)=M«, ^(6W)=t;W fori = 1,...,/. 

Since Vq is simple and Gtf{V{H, S)) ^ 0, ip must be an isomorphism. This proves 
Gtf{V{H,S)) = Vq. As Vq is irreducible, by Proposition 12.111 V{H,S) is irre- 
ducible. Then V{H,S) is an irreducible quantum vertex algebra. As V{H,S) is a 
nondegenerate quantum vertex algebra, it follows that S must be a unitary rational 
quantum Yang-Baxter operator on H. □ 

Remark 4.6. Here we correct an error in |Li8] . In Theorem 4.4 of [LiSj . it was 

assumed that if is a finite-dimensional vector space equipped with a bilinear form 
(-, ■) and S{x) : H®H —>■ H^H^C[[x]] is a linear map with S{0) = 1. Furthermore 
it was assumed that Gtf{V{H,S)) is linearly isomorphic to the symmetric algebra 
over the space H ® t~^C[t~^] under a canonical map. It was then claimed that 
V{H, S) is a nondegenerate quantum vertex algebra. The reasoning therein used 
Proposition 2.18 of |Li8] . which claims that for a nonlocal vertex algebra V with a 
generating subset T, if Gte{V) is nondegenerate, then V is nondegenerate, where E 
is the increasing filtration of V, constructed in Lemma [2.61 The discrepancy is that 
the filtration F in the assumption is different from E in Proposition 2.18. Now, we 
modify this theorem by adding the assumption that (-, ■) is a nondegenerate skew- 
symmetric bilinear form. This modified theorem becomes a special case of Theorem 
14.51 which uses Proposition 12.111 of the current paper, instead of Proposition 2.18 of 
|Li8j . For the example that was constructed in [LiSj, H = U (B U* for some vector 
space U, equipped with the standard nondegenerate skew-symmetric bilinear form, 
so the modified theorem is applicable. 

For the rest of this section we consider the special case with S{x) diagonal. 

Definition 4.7. Let / be a positive integer and let Q(a;) = {qij{x)) be an / x / matrix 
over C[[x]] such that 

qij{x)qji{-x) = 1 ioT 1 <i,j < I. (4.5) 

Let H he a 2Z-dimensional vector space with a basis {a^^\ . . . , a^^\ b^^\ . . . , 6*^'^}. 
Define a linear map S{x) : H®H—*H®H® C[[x]] by 

5(a;)(aW ® M^'^) = q,j{-x){a^'^ ® b'^^^), S{x){b^'^ ® a^^'^) = qij{-x){b'^'^ ® a^^'^) 
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for i, j = 1, . . . ,1, and equip H with a bilinear form (-, ■) defined by 

(a«, a^-'')) = M^')) = and (a^*), fe^^'^) = 5,^ = -q,i{0){b^^\ a«). (4.6) 

We define Vq(^x) to be the weak quantum vertex algebra V{H, S) associated with this 
pair {H,S) from Q(x). That is, Vq(x) is a universal weak quantum vertex algebra 
with generators a*^*-*, 6^*^ (z = 1, . . . , /), satisfying relations 

Y{a^'\xi)Y{a'^^\x2) = q^j{x2 - Xi)Y{a'^^\x2)Y{a^'\xi), 
Y{b^'\ Xi)Y{b^^\x2) = q^j{x2 - a;2)r Xi), 

F(a»,xi)F(M^),X2) -g,.(a;i -a;2)l^(&^^\x2)F(a«,xi) = (^^^ (4.7) 

for j = 1, . . . ,/. 

With this notion, as an immediate consequence of Theorem 14.51 we have: 

Corollary 4.8. Let I he a positive integer and let Q(x) = {qij{x)) be an I x I matrix 
in C[[a:]] satisfying ( [y^.5| ). Suppose that V is a nonzero weak quantum vertex algebra 
with a generating subset T = | i = 1, . . . , /}^ satisfying the relations 

Y{u^'\xi)Y{u'^^\x2) = qi,{x2-Xi)Y{u'^^\x2)Y{u^'\xi), 
Y{v^'^,x,)Y{v^^\x2) = qij{x2-Xi)Y{v^^\x2)Y{v^'\xi), 

Y{u^'\xi)Y{v^^\x2) - qjiixi - X2)Y{v^^\x2)Y{u^'\xi) = 6ijXi^6 

for i, j = 1, . . . ,1. Then V is an irreducible quantum vertex algebra with GrplV) = 
Vq(o), where F is the increasing filtration of V , defined in Lemma \2. S\ associated 
with the generating set T . Furthermore, such a nonzero quantum vertex algebra V , 
if it exists, is unique up to isomorphism. 

The following is our second main result of this section: 

Theorem 4.9. Let Q(x) = {qij{x))\j^i with 

qij{x) = qijPij{-x)/pij{x), (4.8) 

where qij G C, Pij{x) G C[[x]] satisfy that qijqji = I, Pij{0) = 1 and pij{x) = Pji{x) 
for all i,j = 1, . . . ,1. Then Vq^^) is a (nonzero) irreducible quantum vertex algebra 
with Gr/.(VQ(^)) = Vq(o). 

Proof. By Lemma I3.15[ there exist mutually commuting pseudo-automorphisms 
$j(x) for 1 < i < / of Vq(o) such that 

$j(x)(u(^')) = u^^') 0pij{x), ^i{x){v^^^) = v^^^ ®pij{xy^ for j = 1, . . . ,/. 
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Set 

a«(a;) = Y{u^'\x)<l>i{x), b'^'\x) = Y {v^'\ x)^;\x) 

for i = 1, . . . , /. We have 

a^^{xi)a^^\x2) = Y{u^'^,x^)^i{x,)Y{u^^\x2)^j{x2) 

= Pij{xi - X2)Y{u^\xi)Y{u^^\x2)Mxi)'^j{x2) 

= QijPijixi - X2)Y{u^^\x2)Y{u^'\xi)(^j{x2)Mxi) 

= QijPijixi - X2)pji{x2 - xi)"^a(-')(a;2)aW(xi) 

= qij{x2 - xi)a^^\x2)a''''\xi), 

h^\xi)h^'\x2) = Y{v^^\xi)^T\xi)Y{v^^\x2)^]\x2) 

= Pij{x^-X2)Y{v^'^,x^)Y{v'^^\x2)^-\xi)^-\x2) 

= qijPij{xi-X2)Y{v^^\x2)Y{v^^,Xi)^]\x2)^J^{xx) 

= qijPij{xi - X2)pji{x2 - Xi)~^h''^\x2)h^'\xi) 

= qiAx2-Xi)h^'\x2)h^^{x,), 

a^^{xi)h^^\x2) - qji{xi - X2)b^'\x2)a^'\xi) 
= a^\x,p^\x2) - q /^^'^^J^ ~ ''j^ b'^^\x2)a^Hxi) 

= P^JiXl X2)-'Y{U^'\X,)Y{V^^\ X2)M^1)^J\X2) 

-qjiPijixi - X2y^Y{v^^\x2)Y{u^'\xi)<l?j\x2)^i{xi) 

= SijX^^S (^^^ Pij{Xi - X2)~^<^j\x2)Mxi) 

= 5ijx^'d (^^^Pij{Q)-'^j\x2)Hx2) 



Xi 
X2 



That is, we have defined an (if, »S)-module structure on Vq(o) . Using the fact that 
$j(x)(l) = 1 for i = 1, ...,/, wc sec that 1 is a vacuum vector of the {H, iS)-module 
^Q{o)- We claim that the (if, 5)-module Vq(o) is generated by 1, so that Vq(o) is 
a nonzero vacuum (if, iS) -module, which implies that Vck^x) 7^ 0. Let E be the 
submodule of the (ii, 5)-module Vq(o) generated by 1. We have ^i{x)l = 1, 

^i{x)a^^\xi) ^Pij{x - xi)a^^\xi)^i{x), ^i{x)b^^\xi) ^ Pij{x - xi)~^b^^\xi)^i{x) 

for i, j = 1, . . . ,1. It follows from induction that ^i{x)E C E{{x)) ior 1 < i < I. 
Similarly, we have ^i{x)~^E C E{{x)). As 

Y{u^^,x) = a^^{x)^i{x)-\ Y{v^^,x) = b^^{x)^i{x), 
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it follows that E is closed under the components of Y{u^'^\x) and Y{v^''\x) for 
i = 1, . . . ,1. Consequently, E = Vq(o), as claimed. This completes the proof. □ 



Example 4.10. Let /(x) G C[[x]] with /(O) = 1. In view of Theorem there 
exists a (nonzero) irreducible quantum vertex algebra V with a generating set {a, b} 
such that 



Furthermore, any nonzero nonlocal vertex algebra V with a generating set {a, b} 
satisfying the above relations is an irreducible quantum vertex algebra and such a 
nonzero quantum vertex algebra is unique up to isomorphism. 

We furthermore consider certain nondegenerate, but not necessarily irreducible, 
quantum vertex algebras. 

Proposition 4.11. Let qij G C, Pij{x) G C[[x]] be such that qijqji = 1, qij{0) = 1 
and qij{x) = qji{x) for 1 < i, j < I. Suppose that V is a weak quantum vertex algebra 
with a generating subset {u^'^\ . . . such that 



Y{u'^'\xi)Y{u'^^\x2) = q^JPiJ{x,-X2)piJ{x2-Xl)-'Y{u^^\x2)Y{u'•'\xl) (4.9) 



for 1 < i, j < I. Assume that V has a normal basis in the sense that the normal 
vectors Xi - ■ ■ Xil, where Xj = u^l\-^ ■ ■ ■ u^-n^ for r > 0, > 1 with ni > ■ ■ ■ > Ur if 
qu = 1 and ni > ■ ■ ■ > Uj. if qu = —1, form a basis ofV. Then V is a nondegenerate 
quantum vertex algebra. Furthermore, such a quantum vertex algebra exists and is 
unique up to isomorphism. 

Proof Set Q(x) = {qij{x))l j^-i^, where qij{x) = qijPij{-x)pij{x)~^ for i,j = 1, . . . 
By Theorem l4.9l and Corollary 14. 8[ we have a nondegenerate quantum vertex algebra 
^Q{x) with Gri?(VQ(2:)) = Vq(o). Let K be the subalgebgra of Vq(^x) generated by 
u^^\ . . . , u^''\ Then K is nondegenerate and has a normal basis. 

Now, we prove that V is isomorphic to K. Using the pair {H,S) where H = 
Y[i=i Cm*-*-* equipped with the zero form and 5(a;)(M^*^ (S> u^-''') = qij{x){u'^^^ ® u'^'-'^) for 
^ ^ i-i j we have a universal weak quantum vertex algebra E (= V{H.,S)) with 
generators . . . , m*^'^ and with defining relation fl4.9p . Using the commutation 
relation (14.91) we see that E is linearly spanned by all the normal vectors. As K is 
a homomorphic image of E, it follows that E also has a normal basis, so that E is 
isomorphic to K. The same reasoning shows that E is isomorphic to V . It follows 
that E, K and V are isomorphic and nondegenerate. □ 



y (a, xi)Y{a, X2) = ±/(xi - X2)f{x2 - xi) Y{a, X2)Y{a, xi) 
Y{b, Xi)F(6, X2) = ±/(xi - X2)fix2 - x,)-'Yib, X2)Yib, x,), 



Y{a, Xi)Y{b, X2) =F /(a^2 — Xi)f{xi — X2) ^Y{b, X2)Y{a, Xi) = 




) 



34 



Example 4.12. Let V he a nonlocal vertex algebra with a generating set {e, /, h}, 
satisfying the following relations: 

Y{e,Xi)Y{e,X2) = , ^V (e, X2)y(e, Xi), 

1 - Xi+ X2 
1 + Xi - X2 

Y{h,xi)Y{h,X2) = Y{h,X2)Y{h,xi), 
Y{h,x^)Y{e,X2) = -l^^^^^Y{e,X2)Y{h,x,), 

I - Xi+ X2 

Y{h,x,)Y{f,X2) = -^^^^^Y{f,X2)Y{h,x,), 

1 + Xi - X2 

Y{e,xi)Y{f,X2) = Y{f,X2)Y{e,x,). 
Assume that V has a basis consisting of the vectors 

6— mi ■ ■ ■ (^—rrir h—n\ ' ' ' ^— ris f—k\ ' ' ' f—kt 1 (4- 10) 

for r,s,t > 0, mi > ■ ■ ■ > > 1, rii > ■ ■ ■ > Ug > 1, ki > ■ ■ ■ > kt > 1. By 
Proposition 14.111 \^ is a nondegenerate quantum vertex algebra. This example is 
closely related to a quantum vertex algebra associated to double Yangian DY{sl2) 
in jliinj . 
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